• IN THE CREEP ANALYSIS OF concrete structures two kinds of errors are involved. One stems from the inaccurate knowledge of the creep law, and its minimization is a problem of materials research. The second error is caused by the simplification of analysis, which designers introduce to avoid the complexities of an exact analysis. In the sequel, only accuracy or exactitude in the latter sense will be of concern.
The simplest and the most widespread among the simplified methods of analysis is the wellknown effective modulus method, whose error with regard to the theoretically exact solution for the given creep law is known to be quite large when aging of concrete, i.e., the change of its properties with the progress of hydration, is of significance (see Table 2 discussed beloW). However, a surprisingly simple way of refinement of this method has been recently discovered by Trost,! on the basis of approximate and mostly intuitive considerations. The intent of this paper is to present a rigorous formulation of this method and to extend it to the case of a variable elastic modulus and an unbounded final value of creep.
FORMULATION OF METHOD
If attention is restricted to the working stress range and strain reversals are excluded, creep of concrete may be assumed to be governed by the linear principle of superposition in time. The stress-strain relation is then fully defined by specifying functions J dt, t') and EO (t) , or ER (t, t') and EO (t) , or cf> (t, t'), E (t) and EO (t) , all defined in the Appendix . .
Basic theorem
Assume that: E (t) -EO (t) = Eo + El cf> (t, to) for t > to o (t) = 0 for 0 < t < to where Eo and El are arbitrary constants.
~ (1) Then 0 (t) varies linearly with ER (t, to) and the stress-strain reI a tions may be written (exactly) in the form of an incremental elastic law:
in which [
where X (t, to), E" (t, to) and ~E" (t) will be termed aging coefficient, age-adjusted effective modulus and fictitious inelastic strain increment. The proof of this theorem is given in the Appendix.
DISCUSSION AND APPLICATION
Determination of X requires the knowledge of the relaxation function, which can be obtained from the creep function J c (t, t') with the help of a computer (using the well-known numerical methods for Volterra's integral equations; see Appendix). Table 1 shows the values of X which have been found for the following material properties:
or where cf> (t, t') = cf> .. (t') 0.113 In (1 + t -t') (8)
t' being given in days.
Eq. (7) with Eq. (9) has been recently recommended by ACI Committee 209,2 along with a method of determination of the constant cf> (00, 7). It is acceptable for structures of typical dimensions that are exposed to a mild climate and allowed to dry. Eq. (8) is suitable for mass concrete.
Eq. (2) has the form of Hooke's law and reduces thus the creep problem to a single elastic analysis, as in the usual effective modulus method. The values of E" and X are independent of Eo and El and have thus the same values for any strain history which is linear with creep coefficient cf> (t, to) and admits a sudden strain increment at the instant of first loading. This finding is useful because in most practical creep problems the variation of strain falls into the above category. If the load changes instantly at times after the time of first loading, the method can be also applied. The load history must then be considered as a sum of several step functions whose effects are analyzed separately and finally superimposed.
For the purpose of comparison, the X values have also been computed for creep functions Eq. (7) and (8) with a constant modulus E ( Table 1) . Obviously, the effect of the time variation of E, neglected in References 1, 3, 4, 5, is quite significant. A plot of X shown in Fig. 1 has further been computed for the creep function recommended by CEB.1,3 It is also noteworthy (Fig. 1) that the to (age at loading, days) plots of X versus log to are not straight lines, contrary to the previously held opinion,! and exact values of X considerably differ from the values determined previously by an approximate analysis!,3 (even when the variation of E is neglected). Furthermore, again in contrast with the previous opinion,! the dependence of X on t is not always negligible, as is seen from Table 1 , and there is no reason for the X values to be always greater than 0.5, as Table 1 corroborates. It should be also noted that, according to the above theorem, it is not necessary to make the assumption that the final value of creep coefficient, cp ( 00, to), is bounded (which was implied in previous work!). The classical effective modulus method, which is equivalent to the case X = 1, is known to give very accurate results for a nonaging material. This is confirmed by Table 1 which shows that X = 1 for large to and large t -to. The correction introduced by X into the effective modulus is thus due mainly to aging of the material rather than relaxation. For this reason the term "aging coefficient" is preferable over the term "relaxation coefficient" which was introduced in previous studies.! cp (t, to) ], the present method gives an exact solution in infinitely many special cases, and especially in three basic, diametrically different cases, namely the case of constant (J (as in the creep test), the case of constant E (as in the stress relaxation test; see Table 2 discussed below); and the case E = E! cp (t, to) (which approximately applies to straining of a structure by differential creep). Most other strain histories represent some kind of intermediate situation between the above cases, and so the solution must usually be much. closer to the exact solution than with other simplified methods which coincide with the exact solution only in one special case.
NUMERICAL EXAMPLES
The relatively lowest accuracy is to be expected when strain E (t) is prescribed as a function which considerably differs from linear dependence on cp (t, to). This occurs especially in the problem of internal forces due to shrinkage, and therefore this case will be selected for a numerical example. The unrestrained shrinkage strain for drying exposure at to = 7 days will be assumed as recommended by ACI Committee 209: 2
where t is in days.
If concrete is perfectly restrained against deformation (/lE = 0), Eq. (2) and (4) give
Consider now the internal force X (t) in a statically indeterminate structure (e.g., the midspan bending moment in a portal frame). If the structure is homogeneous, the ratio X (t) /Xel s defined in the Appendix must equal (J (t) /E (to) and is thus also given by Eq. (11). For t -to = 1000 days and cp (00, 7) = 2.5, Eq. (9) provides: cp (t, to) = 2.5 X 63/ (10 + 63) = 2.16
Plotting the values X = 0.795, 0.956, and 0.985 for to = 10, 100, and 1000 days from Table 1 against log to and passing a smooth curve through these Fig. 2 . The present method is clearly the most accurate one.
As another example, consider the prediction of stress relaxation under constant strain introduced at age to. Substitution of Eq. (3) and (4) with EO = 0 into Eq. (2) with ~E = 0 yields: (12). For the rate-of-creep method, the above ratio is e-t/J(t,to ). In Table 2 , the prediction of these formulas is compared with the theoretically exact solution. Clear superiority of the present method is apparent. (It should be noted that the ratio in Eq. (12) determines the reduction by creep of the effects of any support movement or an introduction of any additional constraints restricting creep deformation in structures of homogeneous creep properties.)
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Other examples can be found in References 1 through 5, in which, however, the constant E should be replaced with the variable E (t).
CONCLUSIONS
1. The age-adjusted effective modulus is theoretically exact for any creep problem in which strain varies linearly with creep coefficient, instant strain increment at the time of first loading being admissible [Eq. (1)].
2. The theoretical accuracy of the method presented appears to be distinctly superior to that of the usual effective modulus method, while in simplicity both methods are equal. The method is also much more accurate than the rate-of-creep method.
3. The method is extended for an unbounded final value of creep and also for the variation of elastic modulus whose omission is found to be responsible for a significant error, offsetting the gain in theoretical accuracy.
4. A method of exact determination of the aging coefficient is presented and a table of its values for two typical creep functions is given (Table 1) . These values differ considerably from those determined by an approximate analysis in previous publications. Built 
Notation

E(t) ER(t, t')
Xs" 
Proof of basic theorem
The uniaxial creep law may be expressed in either of the following two equivalent forms:
in which the integrals must be understood as Stieltjes integrals.
The relation between functions Jc and ER may be obtained, e.g., by considering the strain history to be a unit step function, that is, E = 1 for t :;" to and E = 0 for t < to, in which case the stress response is, by defi-
Substitution in Eq. (AI) with EO = 0 thus yields:
Combination of Eq. (5) and (6) with the relation:
<p(t,t') =E(t') Jc(t,t')-l
gives:
E"(t,to) = [E(to) -ER(t,to)]f<p(t, to)
If one substitutes this relation with Eq. (1) 
Computation of aging coefficient
Determination of X requires the stress relaxation function to be determined from the given creep function. This can be done by solving Volterra's integral Eq. (A3), which is best carried out numerically. is obtained: 
Multiaxial stress
In this case, owing to isotropy, the linear creep law may be expressed by one relation between the volumetric components and one relatio'n between the corresponding deviatoric components of stress and strain. Both of these relations are analogous in form to Eq. (AI) or (A2) and are mutually independent. Hence, the basic theorem with Eq. (1) through (6) may be reformulated for volumetric and deviatoric components,
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obtaining different values of X (and </» in each case. Approximately, however, the Poisson ratio in creep is constant and then the creep functions for volumetric and deviatoric creep are both proportional to Jc(t, t').
Then, the fictitious inelastic volumetric and deviatoric strain increments are both equal to the </>(t, to) multiple of the initial elastic strains, and the age-adjusted bulk and shear moduli, analogous to E", are:
K"(t, to) =
K(t o )
l+x(t,to) </>(t,to ) } (AS) G" (t, to) = G (to)
1 + x(t, to) ", (t, to) where K and G are the actual instantaneous bulk and shear moduli. 
